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PREFACE 
One of t h e  most s t r i k i n g  examples of co l l abora t ion  between 
p r o j e c t s  a t  IIASA was t h e  informal "Resi l ience  Group," made up 
of members of t h e  Ecology, Energy and Methodology Pro jec t s .  
Hol l ing ' s  o r i g i n a l  idea  of r e s i l i e n c e  a s  a proper ty  o r  measure 
of an ecological  system found unexpected app l i ca t ions  t o  s o c i e t y  
models considered by t h e  Energy Pro jec t ;  a t  t h e  same time, t h e  
mathematical i d e n t i f i c a t i o n  of t h e  r e s i l i e n c e  concept gave r i s e  
t o  severa l  i n t e r e s t i n g  methodological problems. The co l l abora t ion  
a r i s i n g  out  of these  common i n t e r e s t s  proved extremely f r u i t f u l  
t o  a l l  p a r t i c i p a n t s  of t h i s  informal group. From t h e  group d i s -  
cuss ions ,  t h e  author  has d i s t i l l e d  p rec i se  mathematical d e f i n i -  
t i o n s  f o r  the  many f a c e t s  of t h e  r e s i l i e n c e  concept. T h i s  paper 
shows t h a t  t h e  language of d i f f e r e n t i a l  topology is  r i c h  enough 
t o  express a l l  the--sometimes diverqing--ideas about r e s i l i e n c e  
t h a t  came up a t  IIASA. By necess i ty ,  the  d iscuss ion i n  t h i s  
paper t akes  place on a somewhat t echn ica l  l e v e l ;  an appendix 
summarizes t h e  necessary mathematical terms. 

SUMMARY 
During t h e  pas t  year,  severa l  research e f f o r t s  a t  I I A S A  
have t r i e d  t o  develop a p rec i se  mathematical d e f i n i t i o n  of 
Hol l ing ' s  very general  and r i c h  r e s i l i e n c e  concept. This paper 
develops a mathematical language f o r  r e s i l i e n c e ,  using t h e  
terms and concepts of d i f f e r e n t i a l  topology. Centra l  t o  t h i s  
treatment is t h e  d i v i s i o n  of t h e  s t a t e  space of a system- i n t o  
bas ins ,  each conta ining an a t t r a c t o r .  The t r a n s l a t i o n  of Hol- 
l i n g ' s  concept i n t o  t h i s  language reads  roughly a s  follows: 
a system is r e s i l i e n t  i f ,  a f t e r  per turbat ion,  it w i l l  s t i l l  
tend t o  t h e  same a t t r a c t o r  a s  before (o r  t o  an "only s l i g h t l y  
changedn a t t r a c t o r ) .  The reason f o r  t r e a t i n g  changes of s t a t e  
v a r i a b l e s  and changes of parameters separa te ly  is explained. 
A l l  r e s i l i e n c e  measures conceived up t o  now, a s  defined within 
t h i s  language, a r e  l i s t e d  a s  well .  The var ious  d e f i n i t i o n s  of 
r e s i l i e n c e  a r e  then compared t o  t h e  well-known concepts of 
s t r u c t u r a l  s t a b i l i t y  and of Thorn's ca tas t rophe theory. F ina l ly ,  
t h e  author  i n d i c a t e s  some--in h i s  opinion--important d i r e c t i o n s  
f o r  f u r t h e r  research i n t o  t h e  general  r e s i l i e n c e  concept. 

DEFINITIONS OF RESILIENCE 
1 . INTRODUCTION 
The r e s i l i e n c e  concept ,  pioneered by C.S.  Holling [ I ] ,  has 
been t h e  s u b j e c t  of a  prolonged d i s c u s s i o n  a t  IIASA. Various 
express ions  f o r  a  r e s i l i e n c e  va lue  have been proposed by Hol- 
l i n g ' s  group 121 , and, i n  t h e  cour se  of t h e  s tudy  of t h e  "New 
S o c i e t a l  Equat ions ,"  ano the r  p o s s i b l e  express ion  f o r  r e s i l i e n c e  
w a s  computed e x p l i c i t l y  [3 ]  and w i l l  be used a s  i n p u t  t o  an  o p t i -  
miza t ion  problem. Never the less ,  a p a r t  from [ U l ,  no gene ra l  
i n v e s t i g a t i o n  has  been made of t h e  r e s i l i e n c e  concept  i n  t h e  con- 
t e x t  of t h e  theory  of d i f f e r e n t i a b l e  dynamical systems. I t  is 
t h e  purpose of t h i s  paper t o  g i v e  p r e c i s e ,  workable d e f i n i t i o n s  
of r e s i l i e n c e  i n  t h e  language of t h i s  t heo ry .  This  language h i l l  
t u r n  o u t  t o  be r i c h  enough t o  express  a l l  d i f f e r e n t  f a c e t s  of t h e  
" r e s i l i e n c e  concept ."  A s  we s h a l l  s e e ,  H o l l i n g ' s  o r i g i n a l  concept  
has  t o  be s p l i t  i n t o  two e s s e n t i a l l y  d i f f e r e n t  p r o p e r t i e s .  This  
d i s t i n c t i o n  has  been noted i n  t h e  r e s i l i e n c e  d i scuss ion  f o r  some 
t ime under t h e  l a b e l s  " r e s i l i e n c e  i n  s t a t e  space" vs .  " r e s i l i e n c e  
of state space."  The p r e s e n t  work is  r e s t r i c t e d  t o  d e t e r m i n i s t i c  
systems. The problem is  f i r s t  d i scussed  i n  an  informal conceptual  
way, as a mot iva t ion  f o r  t h e  r i g o r o u s  mathematics conta ined i n  
t h e  second p a r t .  An appendix summarizes some mathematical  d e f i -  
n i t i o n s  used. 
2. The MATHEMATICAL STAGE : DIFFERENTIABLE DYElAMICAL SYSTEMS 
Although some a t t e m p t s  have been made t o  l i n k  r e s i l i e n c e  
t o  "long e x i t  time expec ta t ions"  i n  a s t o c h a s t i c  approach [5]  , 
t h e  d i s c u s s i o n  so  f a r  has  been cen te red  on d e t e r m i n i s t i c  systems. 
One n a t u r a l  mathematical language f o r  t h e  d e s c r i p t i o n  of such 
systems i s  t h e  theory  of d i f f e r e n t i a l  dynamical systems, i . e . ,  
of d i f f e r e n t i a b l e  maps and flows on a manifold. (An informal  
c o l l e c t i o n  of concepts  and r e s u l t s  of t h i s  t heo ry  is  given i n  
t h e  appendix.) For t h e  d e f i n i t i o n s  of r e s i l i e n c e ,  we t h e r e f o r e  
assume t h a t  we have a b s t r a c t e d  a mathematical model of t h e  g iven 
system i n  t h e  fol lowing form: 
M deno tes  t h e  s t a t e  space of t h e  system, assumed t o  be a manifold; 
$ g i v e s  t h e  t o t a l  dynamic evo lu t ion  of t h e  system over  time, t 
e i t h e r  d i s c r e t e  ( a s  i n  v a r i o u s  e c o l o g i c a l  models, where t h e  
average reproduct ion  t i m e  of a s p e c i e s  g i v e s  a n a t u r a l  t ime s t e p )  
o r  continuous.  By. choosing a p a r t i c u l a r  f u n c t i o n a l  form f o r  
@--or f o r  t h e  d i f f e r e n t i a l  equat ion  d e f i n i n g  i t - - w e  perform t h e  
" f i r s t  c u t "  f o r  our  model: we s e p a r a t e  t h e  "system" from t h e  
" r e s t  of  t h e  r e a l  world,"  which w i l l  be regarded as unknown 
p e r t u r b a t i o n s .  The second c u t  involves  t h e  s e p a r a t i o n  of s t a t e  
v a r i a b l e s  and parameters;  t h e  d imens iona l i ty  and i n t e r p r e t a t i o n  
of t h e  s t a t e  space e n t e r  here.  Th i s  s e p a r a t i o n  can  be performed 
on ly  v i a  a  s i g n i f i c a n t  d i f f e r e n c e  i n  time s c a l e s ;  i n  t h e  language 
of [ lU],  s t a t e  v a r i a b l e s  and parameters  must belong t o  d i f f e r e n t  
" s t r a t a .  I' Loosely speaking,  parameters  a r e  allowed t o  vary i n  
only  two ways: e i t h e r  by sudden jumps,' such t h a t  t h e  s t a t e  
v a r i a b l e s  can be approximated t o  be c o n s t a n t  d u r i n g  t h e  change, 
o r  by slow " a d i a b a t i c "  changes,  such t h a t  t h e  system can be 
assumed t o  be a l r e a d y  i n  i t s  asymptotic  s t a t e ,  a s  i n  t h e  a p p l i -  
c a t i o n s  of c a t a s t r o p h e  theory  [ 1 3 ] .  This  d i s t i n c t i o n  w i l l  appear 
i n  t h e  t r ea tmen t  of r e s i l i e n c e  of t h e  s t a t e  space;  it reminds one 
of t h e  sudden and t h e  a d i a b a t i c  approximation i n  time-dependent 
quan tun-mec han ica l  p e r t u r b a t i o n  theory .  
In  t h i s  language, a  parameter i s  t h e r e f o r e  a v a r i a b l e  
conta ined i n  $, without  being a func t ion  on t h e  s t a t e  space M. 
Late r ,  it w i l l  be va r i ed  over  a  parameter manifold P.  The 
semi-group proper ty  @t+s = @ @ then  expresses  t h e  autonomy t s 
of our system. I n  t h e  d i s c r e t e  case ,  t h i s  impl i e s  immediately 
O n  = f n  (n  f N) with  a s i n g l e  map f .  W e  assume a l l  maps t o  be 
'".Suddenn and "slow" with r e s p e c t  t o  a  t y p i c a l  time s c a l e  
of t h e  system i t s e l f .  
1 
once d i f f e r e n t i a b l e  (C ) . Fur the r  d i f f e r e n t i a b i l i t y  r e q u i r e -  
ments cannot  be made i n  gene ra l :  t h r e s h o l d  behaviors  of repro-  
d u c t i o n  r a t e s ,  f o r  example, imply d i s c o n t i n u i t i e s  i n  t h e  f i r s t  
o r  h igher  d e r i v a t i v e s  a s  i n  [ 6 ]  . 
I n  t h e  cont inuous  ca se ,  $ w i l l  of  cou r se  n o t  be g iven  
e x p l i c i t l y ,  bu t  on ly  through a d i f f e r e n t i a l  equa t ion  x ( t )  = F ( x ) .  
The " i n t e g r a t e d  form" (2.1)  is  in t roduced  f o r  convenience i n  
t h e  d e f i n i t i o n s .  We n e g l e c t  f o r  t h e  moment d i f f i c u l t i e s  due t o  
incompleteness of F ( i - e . ,  n o t  a l l  t r a j e c t o r i e s  can  be extended 
t o  a r b i t r a r y  l a r g e  t i m e s ) .  For an  example of  t h i s  problem, 
s e e  [7 ] . 
3. EXPRESSING THE RESILIENCE CONCEPT 
I n  a  very  c rude  way, t h e  d e s i r e d  d e f i n i t i o n  could  be g iven  
i n  t h e  form: " t h e  system can abso rb  changes." Those changes ,  
t o  be s u r e ,  a r e  assumed t o  be sudden and e x t e r n a l  ( c o n t r o l l a b l e  
o r  u n c o n t r o l l a b l e ,  p r e d i c t a b l e  o r  random) and t h e r e f o r e  n o t  t o  
be inc luded  i n  t h e  mathematical  d e s c r i p t i o n  v i a  $ t .  But a  
q u e s t i o n  sugges t s  i t s e l f  immediately: "How l a r g e  can those  
changes b e l w 2  Thus r e s i l i e n c e ,  a s  we s e e  it, w i l l  be a two- 
s t a g e  concept .  F i r s t ,  on t h e  q u a l i t a t i v e  s i d e ,  we t r y  t o  answer 
t h e  ques t ion ,  " I s  a  system r e s i l i e n t ? "  I f  t h e  answer is  y e s ,  
t hen  t h e  q u a n t i t a t i v e  s i d e  a s k s ,  "How r e s i l i e n t  i s  i t ? "  By no 
means w i l l  t h i s  ques t ion  have a  unique answer; t h e  consensus 
s t r e s s e s  t h e  n e c e s s i t y  o f  s e v e r a l  " r e s i l i e n c e  measures."  One 
system could  ve ry  we l l  be more r e s i l i e n t  t han  ano the r  w i th  
r e s p e c t  t o  one measure, and l e s s  s o  w i th  r e s p e c t  t o  a  second one. 
To d e f i n e  r e s i l i e n c e  v a l u e s ,  we must assume t h a t  i n  t h e  s t a t e  
space  M we have a  no t ion  of d i s t a n c e ,  ( a  me t r i c  d )  i n  accordance  
wi th  one we l l - e s t ab l i shed  idea  of  r e s i l i e n c e  a s  " d i s t a n c e  t o  
'TO i l l u s t r a t e  t h i s  i dea ,  i f  t h e  change i n  s t a t e  v a r i a b l e s  
occu r s  a t  t ime to, t h e  e v a l u a t i o n  g iven  by Q t  con t inues  on from 
a new x i  i n s t e a d  of t h e  xt reached through e v o l u t i o n  be fo re  to. 
0 0 
To t a l k  about  t h e  magnitude of  t h e  change, we need some d i s t a n c e  
between x i  and xt . 
0 0 
t h e  nex t  p o i n t  of c a t a s t r o p h i c  behavior" ;  o r  a  no t ion  of volume 
( a  measure v ) ,  exp re s s ing  t h e  o t h e r  na in  idea  of r e s i l i e n c e  a s  
" s i z e  of  bas in s . "  The i d e n t i f i c a t i o n  of t h i s  d i s t a n c e  o r  volume 
w i l l  be a  n o n - t r i v i a l  problem t o  be so lved  f o r  each system ind i -  
v i d u a l l y ;  any i d e n t i f i c a t i o n  of d i s t a n c e  i nvo lves  i m p l i c i t  assump- 
t i o n s  about  t h e  s t r u c t u r e  of p o s s i b l y  occu r r ing  d i s t u r b a n c e s ,  any 
i d e n t i f i c a t i o n  of volume invo lves  assumptions of average  d i s t r i -  
b u t i o n s  of p o i n t s  d e s c r i b i n g  t h e  system over  t h e  bas in .  Here we 
mention on ly  two q u e s t i o n s  a l l u d e d  t o  i n  [ 2 ]  and [ 3 ] :  l oga r i t hmic  
s c a l e  v s - l i n e a r  s c a l e  of t h e  p e r t u r b a t i o n s ,  and t h e  problem of 
" n a t u r a l  u n i t s "  i f  t h e  c o o r d i n a t e s  i n  M ( t h e  s t a t e  v a r i a b l e s )  
have d i f f e r e n t  dimensions.  
I f  no cohe ren t  s c a l i n g  of d i f f e r e n t  s t a t e  v a r i a b l e s  is  
p o s s i b l e ,  w e  might even have t o  r e p l a c e  d  by a  mul t id imens ional  
d i s t a n c e  no t ion :  a  fami ly  of semi-metr ics  (dl  . . .di)  measuring 
t h e  s i z e  of jumps i n  d i f f e r e n t  d i r e c t i o n s  of  s t a t e  space.  The 
v a r i o u s  d e f i n i t i o n s  of r e s i l i e n c e  measures can then  be a d j u s t e d  
acco rd ing ly .  
Apart  from t h i s  two-stage concep t ,  t h e r e  i s  a q u a l i t a t i v e  
d i s t i n c t i o n  when w e  t r y  t o  answer t h e  ques t ion :  "What kind of 
changes can t h e  system absorb?" Although i n  [ I ]  Hol l ing  t r e a t e d  
"changes i n  s t a t e  v a r i a b l e s "  and "changes i n  parameters"  on a n  
equa l  f o o t i n g ,  f o r  a  r i g o r o u s  mathematical  t r ea tmen t  w e  w i l l  
have t o  make a  d i s t i n c t i o n .  Changing t h e  s t a t e  of t h e  system 
a t  one p a r t i c u l a r  t ime changes one p a r t i c u l a r  o r b i t ,  whi le  
changing t h e  f u n c t i o n a l  form of t h e  f l ow  o r  map through a  change 
i n  parameters ,  f o r  i n s t a n c e ,  i nvo lves  t h e  whole phase p o r t r a i t .  
Given a  p r e c i s e  formula t ion  of t h e  s t a t emen t  " t h e  system can  
a b s o r b , "  we w i l l  t h e n  have two concep t s  of r e s i l i e n c e ,  depending 
on t h e  n a t u r e  of t h e  changes.  
Two sugges t ive  names f o r  t h o s e  concep t s  have been proposed: 
" r e s i l i e n c e  i n  s t a t e  spacen  ( s h o r t  f o r  "of a  p o i n t  i n  phase 
s p a c e " ) ,  cor responding  t o  changes of s t a t e  v a r i a b l e s ,  vs .  
" r e s i l i e n c e  of s t a t e  s p a c e '  cor responding  t o  changes of parameters  
The l a t t e r  concept  w i l l  have d i f f e r e n t  a s p e c t s  a s  w e  d e a l  w i th  
sudden o r  a d i a b a t i c  parameter  changes.  I n  t h i s  paper  we c a l l  them 
Rl  and R2 f o r  s i m p l i c i t y .  
4 .  THE ROLE OF ATTRACTORS AND BASINS 
W e  u s e  t h e  p i c t u r e  p r e s e n t e d  i n  t h e  appendix :  a  f i n i t e  
number o f  a t t r a c t o r s  Ai a r e  l o c a t e d  i n  b a s i n s  Bi ,  s e p a r a t e d  by 
s e p a r a t r i c e s  S Le t  u s  assume t h a t  w e  have s i n g l e d  o u t  one j' 
a t t r a c t o r 3  A, a s  " d e s i r a b l e n  ( t h i s ,  of c o u r s e ,  is  an  e x t e r n a l  
v a l u e  judgment) ,  and t h a t  t h e  c u r r e n t  s t a t e  l i es  i n  B1; t h e  
sys tem t h u s  t e n d s  towards  A, a s  t + +-. A change  w i l l  o b v i o u s l y  
b e  absorbed  i f ,  a f t e r  t h e  change ,  t h e  sys tem s t i l l  t e n d s  t o  
" a lmos t "  t h e  same r e g i o n  of s t a t e  s pace .  
Corresponding t o  t h e  two k i n d s  of r e s i l i e n c e  d i s c u s s e d  
above ,  n o n - r e s i l i e n t  behav io r  c a n  occu r  i n  two ways: 
R1: The sudden jump of  t h e  s t a t e  v a r i a b l e s  moves t h e  
p o i n t  d e s c r i b i n g  t h e  sys tem a c r o s s  a  s e p a r a t r i x  i n t o  
a n o t h e r  b a s i n ;  
R2:  The phase  p o r t r a i t  changes  i n  such a  way t h a t  t h e  
sys tem (assumed t o  have t h e  same v a l u e s  o f  t h e  s t a t e  
v a r i a b l e s  a s  b e f o r e  t h e  changes )  now l i es  i n  a  b a s i n  
whose a t t r a c t o r  i s  i n  a  d i f f e r e n t  r e g i o n  of  s t a t e  s pace .  
W e  see h e r e ,  by t h e  way, one d i f f e r e n c e  between sudden 
and a d i a b a t i c  changes :  a  s l o w  " a d i a b a t i c "  change 
w i l l  n o t  c a u s e  t h e  system t o  t end  t o  a  d i f f e r e n t  
a t t r a c t o r ;  r a t h e r ,  it w i l l  t end  t o  a n  " a d i a b a t i c a l l y  
changed" one.  
5. MATHEMATICAL DEFINITION 
W e  f i r s t  assume t h e  same s i t u a t i o n  a s  i n  t h e  l a s t  s e c t i o n  
and d e f i n e  t h e  set S a s  M - UBi ( t h e  un ion  of a l l  s e p a r a t r i c e s ) .  
1 
D e f i n i t i o n  (5 .1  ) ( R ,  ) : 
Given a  sys tem { @ t )  i n  M w i t h  a  f i n i t e  number o f  a t t r a c t o r s  
Ai and b a s i n s  Bi, it i s  c a l l e d  r e s i l i e n t  i n  t h e  R, s e n s e  
'or, i n  g e n e r a l ,  a  s u b s e t  o f  a t t r a c t o r s !  
u i f  M - UBi has  measure zero .  
i 
This  means t h a t  almost  a l l  i n i t i a l  c o n d i t i o n s  lead  t o  a t t r a c t o r s  
and smal l  s h i f t s  do  n o t  d i s t u r b  t h e  asymptot ic  behavior  s i n c e  
t h e  b a s i n s  a r e  open s e t s .  Th i s  c o n d i t i o n  i s  f u l f i l l e d ,  e .g . ,  
i f  t h e  non-wandering s e t  c o n s i s t s  on ly  of hype rbo l i c  f i xed  p o i n t s  
and c l o s e d  o r b i t s  ( f i n i t e  i n  number), o r  i f  Q s a t i s f i e s  Axiom A 
and i s  twice  d i f f e r e n t i a b l e  18 ] . There a r e  c I counter-examples 
s a t i s f y i n g  Axiom A where t h e  s e p a r a t r i c e s  have p o s i t i v e  measure. 
I t  is n o t  c l e a r  what t h i s  mathematical  s t a t emen t  would mean i n  
t h e  r e a l  world; it could  be i n t e r p r e t e d  a s  saying  t h a t  t h e r e  is 
a  non-zero p r o b a b i l i t y  t h a t  t h e  system l ies  a r b i t r a r i l y  c l o s e  
t o  a  b a s i n  boundary. 
W e  g e n e r a l i z e  t h i s  concept  t o  d e a l  w i th  cont inuous  f a m i l i e s  
of f i x e d  p o i n t s ,  e.g. : 
D e f i n i t i o n  5.1 .a (gene ra l i zed  R , )  : 
For a  p o i n t  x  E: M, w e  deno te  by w(x) t h e  f u t u r e  l i m i t  set 
of x ( y  E: w ( x )  i f  t h e r e  e x i s t s  a  sequence of r e a l  numbers 
ti t - such t h a t  Q t  ( x )  w y ) .  Then {qt} is  c a l l e d  gener-  
a l i z e d  R l  i f  t h e  ma$ x  ++ u ( x )  is  cont inuous  wi th  t h e  Haus- 
d o r f f  me t r i c5  on t h e  space  of  compact s u b s e t s  of M except  
on a  s e t  of measure zero .  Th i s  exp res ses  t h e  s t a b i l i t y  of 
t h e  asymptot ic  behavior  under d i s t u r b a n c e s  of t h e  i n i t i a l  
cond i t ion .  Of c o u r s e  (5.1 . a )  c o n t a i n s  (5 .1)  s i n c e  w(x) : Ai 
f o r  x E: Bi. 
T ~ r n i n g  t o  r e s i l i e n c e  measures, we d e f i n e  r (x )  = d  (x ,S)  f o r  
each p o i n t  i n  S. W e  d i s t i n g u i s h  d i f f e r e n t  exp res s ions  (dependent 
on t h e  a p p l i c a t i o n  i n t e n d e d ) .  
 he prope r ty  of ze ro  measure i s  independent  of  t h e  p a r t i c -  
u l a r  d i s t r i b u t i o n  of  s t a t e  v a r i a b l e s  desc r ibed  by, e .q .  t h e  
volume no t ion ,  a s  long a s  it has  a  d e n s i t y .  
5 ~ h e  Hausdorff d i s t a n c e  between t h e  compact s e t s  A and B 
is def ined  by d(A,B) = max(sup i n f  d ( x , y ) ,  sup i n f  d ( x , y ) ) .  
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(There is a  p o i n t  i n  B a t  d i s t a n c e  i ( A , B )  from any p o i n t ' i n  A, 
and v i c e  ve r sa .  ) 
i) Mean r e s i l i e n c e  of  t h e  bas in  B, (Ho l l ing  and co-workers) : 
with  some p r o b a b i l i t y  measure u .  
This  concept  i s  u s e f u l  i n  some e c o l o g i c a l  app l i ca t ions - - e .g . ,  
where one i s  d e a l i n g  wi th  an  ensemble of systems--and has  been 
used by H o l l i n g ' s  group. 
ii) T r a j e c t o r y  r e s i l i e n c e .  Here we focus  on one p a r t i c u l a r  
i n i t i a l  c o n d i t i o n ,  so  t h a t  t h e  r e s i l i e n c e  v a l u e  i s  a 
f u n c t i o n  of x. Hafe le  i n  (91 proposed "average  
r e s i l i e n c e :  " 
and t h e  au tho r  (71 proposed "minimal r e s i l i e n c e :  " 
Rmin(x) = min r ( x t )  , 
t ,o 
e.g. ,  i n  a normative approach t o  s t anda rd  s e t t i n g .  
The l a s t  express ion  has  been t a b u l a t e d  f o r  t h e  model 
i n  (31 and is being used a s  i npu t  t o  an op t imiza t ion  
program. 
Exoress ions  such a s  t h o s e  i n  (i) have been c a l l e d  r e s i l i e n c e  
numbers, t hose  i n  (ii) r e s i l i e n c e  f u n c t i o n s ,  s i n c e  they  s t i l l  a r e  
f u n c t i o n s  over  s t a t e  space. Another p o s s i b l e  r e s i l i e n c e  number 
cou ld  be 
iii) Volume r e s i l i e n c e :  
v being t h e  volume on s t a t e  space a s  i n  Sect ion  2. 
This  number may be l e s s  s i g n i f i c a n t  due t o  t h e  f a c t  
t h a t  i n  higher-dimensional models, t h e  bas ins  w i l l  
g e n e r a l l y  have r a t h e r  complicated s t r u c t u r e s ,  such 
t h a t  they  could con ta in  a l a r g e  volume while t h e  
boundary is  s t i l l  c l o s e  t o  each po in t  i n  t h e  bas in .  
Of course  f o r  t h e  computation of these  numbers i n  a 
conc re t e  problem, t h e  exac t  l o c a t i o n s  of  t h e  s e p a r a t r i c e s  have 
t o  be determined. Two kinds  of approaches seem most s u i t a b l e  
f o r  t h i s :  e i t h e r  a method proving t h a t  some region l ies 
wholly wi th in  t h e  domain of  a t t r a c t i o n  (Lyapunov's method a s  
used i n  [I 01, o r  Zubov's method a s  desc r ibed  i n  [l 1 1  ) , o r  a 
d i r e c t  de terminat ion  of  t h e  s e p a r a t r i c e s  a s  s t a b l e  manifolds 
of co-dimension one. The l a t t e r  method was used i n  [7]. 
6 .  MATHEMATICAL DEFINITION: R2 
Res i l i ence  of t h e  second kind a s  conceived i n  t h i s  paper 
w i l l  obvious ly  be a concept  r e l a t e d  t o  t h e  s t r u c t u r a l  s t a -  
b i l i t y  idea of Smale [12]. I t  i s  w e l l  known t h a t  any no t ion  
of q u a l i t a t i v e  equivalence between systems g i v e s  r i s e  t o  a 
corresponding no t ion  of  s t r u c t u r a l  s t a b i l i t y  i n  t h e  gene ra l  
sense:  a system w i l l  have a c e r t a i n  s t r u c t u r a l  s t a b i l i t y  
p rope r ty  i f  its equivalence c l a s s  under t h e  given equivalence  
not ion  is open i n  some ~ ~ - t o ~ o l o ~ ~ .  S t r u c t u r a l  s t a b i l i t y  in 
t h e  t e c h n i c a l  sense  is connected i n  t h i s  way t o  topo log ica l  
conjugacy, i - e . ,  t h e  e x i s t e n c e  of  a homeomorphism t ransforming 
t h e  systems i n t o  each o t h e r .  While s t r u c t u r a l  s t a b i l i t y  is 
t o o  s t rong  a concept ,  s i n c e  it is concerned wi th  t h e  whole 
phase p o r t r a i t  and n o t  wi th  p o s i t i v e  t i m e  asymptot ics  a l o n e ,  
Q - s t a b i l i t y  is  t o o  weak s i n c e  it impl ies  noth ing  about  s t r u c -  
t u r a l  change of t h e  bas ins .  In [U] , it was i l l u s t r a t e d  t h a t  
bas ins  could  jump under a small p e r t u r b a t i o n  of an Q-s t ab le  
system (hyperbol ic  f ixed  p o i n t s  and c losed  o r b i t s ) ,  a non- 
r e s i l i e n t  s i t u a t i o n  a s  expla ined i n  Sect ion  3.  
A s  a  f u r t h e r  d i s t i n c t i o n  from t h e  u s u a l  mathemat ica l  con- 
c e p t s  of s t r u c t u r a l  s t a b i l i t y ,  R - s t a b i l i t y ,  e t c . ,  w e  have t o  
n o t e  t h a t  w e  w i l l  n o t  va r y  t h e  system over  a  whole neighborhood 
1  i n  Diff(M) o r  X ( M )  ( t h e  s pace  of  a l l  d i s c r e t e  o r  con t i nuous  
sys tems  on M I .  We t h e r e f o r e  assume a  sub-manifold P of Di f f (M)  
1 
o r  X (M) t o  be g iven  such  t h a t  t h e  o r i g i n a l  41 € P.  P can  be 
thought  of a s  d e s c r i b e d  by a  f i n i t e  set o f  pa r ame te r s  c o n t a i n e d  
i n  4  t h a t  w e  want t o  va r y ;  t h e n  P w i l l  be f i n i t e - d i m e n s i o n a l .  
But P c o u l d  v e r y  w e l l  be  i n f i n i t e - d i m e n s i o n a l  i f  some e q u a t i o n s  
of  t h e  model a r e  assumpt ions  and i m p l i c i t l y  i n e x a c t  wh i l e  o t h e r s  
a r e  e x a c t  i d e n t i t i e s .  Then one might  s t u d y  r e s i l i e n c e  o f  t h e  
model t o  a r b i t r a r y  s m a l l  v a r i a t i o n s  o f  t h e  f i r s t  set of e q u a t i o n s ,  
i n  t h e  s p i r i t  o f  Thom's i n s i s t e n c e  on s t r u c t u r a l l y  s t a b l e  
models [13] .  Many of  t h e  mathemat ica l  d i s t i n c t i o n s  i n  what 
f o l l o w s  w i l l  become t r i v i a l  i n  t h e  c a s e  of  s t a b l e  e q u i l i b r i a  
and a r e  i nc luded  p a r t l y  f o r  comple teness ;  however, t h e r e  a r e  
s t r o n g  s u g g e s t i o n s  t h a t  n o n - t r i v i a l  a t t r a c t o r s  w i l l  appear  even  
i n  s imp le  models.  A p a r t i c u l a r l y  n a s t y  example is g i v e n  by 
t h e  Lorenz a t t r a c t o r  (see [ 1 8 ] ) .  
W e  a g a i n  u s e  t h e  Hausdorff  d i s t a n c e  t o  f o r mu la t e  t h e  con- 
d i t i o n  t h a t  b a s i n s  and a t t r a c t o r s  do  n o t  v a r y  much. 
D e f i n i t i o n  (6.1 . a )  (RZ, d i s c r e t e  c a s e )  : 
Given a  system 4 on M and a  mani fo ld  P a s  above s uch  t h a t  
4 € P C Di f f  ( M ) ,  4 is c a l l e d  r e s i l i e n t  i n  t h e  second 
s e n s e  i f :  
i) There e x i s t s  a  neighborhood U of  4  i n  t h e  ~ ' - t o p o l o g ~  
on Diff  ( M )  such  t h a t  a l l  sys tems  @ '  U n P have t h e  
same f i n i t e  number o f  a t t r a c t o r s  (and ,  t h e r e f o r e ,  
t h e  same number of  b a s i n s ! ) ;  
ii) The maps 4  ' b Ai (4 ' ) ( i - t h  a t t r a c t o r  o f  4  ' ) and 
4 ' I+ B .  (4  ' 1  ( c l o s u r e  of  i - t h  b a s i n  o f  4  ' )  a r e  con- 
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t i n u o u s  w i t h  t h e  C - topology  on U n P and t h e  Haus- 
d o r f f  metric on t h e  Ai and gi. 
Def in i t ion  (6.1.b) ( R 2 ,  continuous c a s e ) :  
Assume t h e  continuous system {( t )  given by a  d i f f e r e n t i a l  
equation x  = F(x)  a s  i n  Sect ion 2, and P a  sub-manifold 
of x1 ( M ) ,  F € P. Then F is  c a l l e d  r e s i l i e n t  i n  t h e  
second sense  i f :  
i) There e x i s t s  a  neighborhood U of F  i n  t h e   to to polo^^ 
such t h a t  a l l  systems { ( I t )  def ined by t h e  F' U n P 
have t h e  same f i n i t e  number of a t t r a c t o r s ;  
ii) The maps F P Ai (F) , F I+ (F)  a r e  continuous with t h e  
1 1 C -topology on U fl P and t h e  Hausdorff metr ic  on t h e  
- 
Ai and B ~ .  
If  t h e  manifold P is  f in i te-dimensional ,  g iven by v a r i a t i o n s  
of some parameters i n  t h e  func t iona l  form of ( (or  F  i n  t h e  
continuous case)  , t h e  c o n t i n u i t y  cond i t ions  (2)  simply mean 
c o n t i n u i t y  i n  those  parameters. 
Comparing t h i s  d e f i n i t i o n  with t h e  well-known s t a b i l i t y  
concepts,  we see  t h a t  we have put a  very  weak cond i t ion  on t h e  
a t t r a c t o r s .  Usual formulations r e q u i r e  topo log ica l  conjugat ion 
on t h e  a t t r a c t o r , 6  o r  a t  l e a s t  t h a t  nearby systems g ive  homeo- 
morphic a t t r a c t o r s .  Thus, t h e  Lorenz a t t r a c t o r  [ 18 ] , known 
t o  be t o p o l o g i c a l l y  unstable ,  could very we l l  be R2.  This 
weakening of t h e  d e f i n i t i o n  is  due t o  t h e  intended a p p l i c a t i o n s  
of t h e  r e s i l i e n c e  concept; one does not  want t o  be bothered 
with "sub-shi f ts  of f i n i t e  type" i n  an eco log ica l  model, f o r  
example. For t h e  f i r s t  s t e p s  we a r e  i n t e r e s t e d  only i n  t h e  
l o c a t i o n  of a t t r a c t o r s .  However, a  more r e f i n e d  a n a l y s i s  should 
include t h e  invariant--under {Ot)--measures p i  on t h e  a t t r a c t o r s  
desc r ib ing  time averages in t h e  bas ins  [ a ] .  Some c l i m a t o l o g i s t s  
have expressed g r e a t  i n t e r e s t  in those  averages,  which can be 
used f o r  de f in ing  mean r e s i l i e n c e  i n  Sect ion 5. Thus, f o r  a  
6 ~ h i s  means t h a t  t h e  o r b i t s  of { (  I t )  on Ai (( I )  can be 
c a r r i e d  i n t o  t h e  o r b i t s  of { ( t )  on A i ( ( )  by a  homeomorphism of 
t h e  a t t r a c t o r  s e t s .  
s t a b l e  f i x e d  p o i n t ,  Rm would s imply be Sii(? minimum d i s t a n c e  
t o  t h e  bas in  boundary. Then t h e  c o n d i t i o n s  (ii) on t h e  
a t t r a c t o r s  should be rep laced  by (ii ' ) : 
The maps @ '  b u .  ( 4 ' )  a r e  cont inuous  w i th  t h e  weak topology 
1 
on t h e  space of measures.' Th i s  i m p l i e s  (ii) s i n c e  A = t h e  i 
suppor t  of ui .  
On t h e  o t h e r  hand, a  p o s s i b l e  g e n e r a l i z a t i o n  might t a k e  
i n t o  account  t h a t  " s p l i t t i n g "  one a t t r a c t o r  under v a r i a t i o n  
i n t o  s e v e r a l - - s t i l l  c l o s e  together--does n o t  e s s e n t i a l l y  change 
t h e  asymptot ic  s t r u c t u r e  of t h e  system. For each  a t t r a c t o r  
Ai of 4, and each  pe r tu rbed  system $ I ,  w e  t hen  have a  f i n i t e  
s e t  a i  (4 ' 1  of a t t r a c t o r s  of 4 ' ( c l o s e  t o g e t h e r )  , and w e  r e p l a c e  
(ii) by ( i i " ) :  
t h e  maps 4 '  t+ u A ( @ ' )  
A € a i ( 4 ' )  
and 4 t+ U q 4 l )  
Bi €a 
[where 9 is t h e  set of a l l  b a s i n s  belonging t o  
a t t r a c t o r s  i n  a .  ( 4 '  ) ] a r e  cont inuous .  
1 
The system a s  d e f i n e d  by 
would s t i l l  be r e s i l i e n t  i n  t h i s  s ense  t o  v a r i a t i o n s  of u around 
p = 0 Although t h e  s t a b l e  f i x e d  p o i n t  f o r  p < 0 s p l i t s  a t  
u = 0 i n t o  one u n s t a b l e  and t w o  s t a b l e  p o i n t s ,  t h e  a t t r a c t i n g  
p o i n t s  a r e  s t i l l  c l o s e  t o g e t h e r .  
I Thi s  means t h a t  t ime ave rages  of con t inuous  f u n c t i o n s  on 
t h e  s t a t e  space  w i l l  vary  con t inuous ly  under v a r i a t i o n s  of 4. 
I f  w e  look  f o r  a  numer ica l  e x p r e s s i o n  connec ted  w i t h  R 2 
w e  f i r s t  might  t r y :  
D e f i n i t i o n  (6 .2 )  (minimal r e s i l i e n c e )  : 
Given a  m e t r i c  d on t h e  "parameter  m a n i f o l d '  P, and 
d e n o t i n g  by Sp (parameter  s e p a r a t r i x )  t h e  set Sp = I $  € PI$ '  
d o e s  n o t  s a t i s f y  R2), we d e f i n e  
E(@) = Z ( 0 , s p )  
min 
a  normat ive  number such  a s  R 
min ( S e c t i o n  5 )  . T h i s  number, 
of  c o u r s e ,  tel ls  u s  a  r a n g e  of  parameter  v a r i a t i o n s  which d o  
n o t  induce  q u a l i t a t i v e  changes  i n  t h e  behav io r  of t h e  system. 
By choos ing  t h e  parameter  man i fo ld  P i n  d i f f e r e n t  ways, one  
c o u l d  t hen  s t u d y  r e s i l i e n c e  w i t h  r e s p e c t  t o  v a r i o u s  com- 
b i n a t i o n s  of  parameters .  
Another  p o s s i b l e  d e f i n i t i o n  o f  a  r e s i l i e n c e  number more i n  
l i n e  w i t h  s t a n d a r d  s e n s i t i v i t y  a n a l y s i s  is sugges t ed  here .  Given 
t h e  c o n t i n u o u s  dependence o f  a t t r a c t o r s  and  b a s i n s  r e q u i r e d  by 
D e f i n i t i o n  (6.11,  t h e i r  "speed" under  parameter  v a r i a t i o n  may 
be i n t e r e s t i n g .  Although t h e  phase  p o r t r a i t  d o e s  n o t  change--the 
sys tems  might  even  b e  s t r u c t u r a l l y  s t a b l e ,  i .e . ,  more t h a n  j u s t  
R 2 - - a  v e r y  s e n s i t i v e  dependence of  b a s i n  bounda r i e s  d o e s  n o t  
co r r e spond  t o  t h e  i n t u i t i v e  c o n c e p t  o f  a  r e s i l i e n t  system. A 
l a r g e  r e d u c t i o n  in s i z e  o f  a  p a r t i c u l a r  b a s i n  is c o n s i d e r e d  
a lmos t  a s  c a t a s t r o p h i c  a s  i ts  comple te  d i s appea rance .  W e  t h e r e -  
f o r e  p ropose  
D e f i n i t i o n  (6 .3 )  ( speed  r e s i l i e n c e )  : 
Under t h e  assumpt ions  of  D e f i n i t i o n  ( 6 . 2 ) ,  and d e n o t i n g  
by Bh a  b a l l  of  r a d i u s  h  around t h e  sys tem @ i n  t h e  param- 
eter mani fo ld  P, 
'we d e n o t e  r e s i l i e n c e  v a l u e s  connec ted  t o  R2 by a  b a r .  
with  d  t h e  Hausdorff m e t r i c  of  c lo sed  sets i n  s t a t e  space 
and Ai,Bi ,..., a s  i n  ( 6 . 1 ) :  
D e f i n i t i o n  (6 .4)  (volume s e n s i t i v i t y  r e s i l i e n c e )  : 
gv = l i m  1 sup ( v ( B , )  - v ( B ; )  ( 
h-+O Fi 6 ' Bh P 
with  B, t h e  "des i r ed"  b a s i n  and n o t a t i o n s  a s  above. ~ u t  
any volume-type measures must be regarded wi th  some r e s e r -  
v a t i o n ,  a s  expla ined  i n  Sec t ion  5. 
I - 
RSP may we l l  be 0  even i f  t h e  system is R 2 ,  i f  t h e  l o c a t i o n  
of  a t t r a c t o r s  o r  b a s i n s  depends n o n - d i f f e r e n t i a b l y  on t h e  param- 
e t e r s ;  s e e ,  f o r  a n  example, equa t ion  ( 6 . 3 ) .  This  system is 
r e s i l i e n t  only  i n  t h e  g e n e r a l i z e d  sense  ( s t a b l e  f i x e d  p o i n t s  a t  
@) mentioned t h e r e ,  however. 
For slow changes of t h e  parameters  i n  t h e  sense  of Sec t ion  3 ,  
t h e  c o n d i t i o n s  about  t h e  v a r i a t i o n s  of b a s i n s  i n  D e f i n i t i o n s  
(6 .1 )  and ( 6 . 4 )  should be l e f t  o u t .  Under t h e s e  c o n d i t i o n s ,  a 
b a s i n  boundary can never ove r t ake  t h e  system on i t s  cour se  to-  
wards t h e  a t t r a c t o r .  I n  D e f i n i t i o n  (6.11, o n l y  t h e  d isappearance  
of t h e  a t t r a c t o r  should be counted a s  n o n - r e s i l i e n t  behavior ,  
a s  i n  c a t a s t r o p h e  theo ry .  Approaching such parameter  v a l u e s  
w i l l  i nvo lve  a  sh r ink ing  of t h e  bas in  a s  observed i n  s e v e r a l  
e c o l o g i c a l  examples. 
7 .  CONCLUSION AND DIRECTION OF FURTHER RESEARCH 
The t h e o r y  of d i f f e r e n t i a b l e  dynamical systems g i v e s  a  
s a t i s f a c t o r y  language f o r  d e s c r i b i n g  t h e  many d i f f e r e n t  f a c e t s  
t h a t  make up t h e  r e s i l i e n c e  concept .  A t  t h e  same t ime,  w e  have 
been a b l e  t o  d i s t i l l  from t h e  a p p l i c a t i o n s  an  i n t e r e s t i n g  mathe- 
m a t i c a l  concept  t h a t  has  n o t  been s t u d i e d  y e t  i n  o rd ina ry  s t a -  
b i l i t y  t heo ry .  I n  r e l a t i o n  t o  c a t a s t r o p h e  theory ,  t h e  r e s i l i e n c e  
concept  i s  a  two-fold ex tens ion :  it t a k e s  more complicated 
a t t r a c t o r s  t han  f i x e d  p o i n t s  i n t o  account  r i g h t  from t h e  s t a r t ,  
and it also i nvo lves  p r o p e r t i e s  of  t h e  bas ins .  
The fo l lowing  d i r e c t i o n s  of f u r t h e r  research--some of them 
a l r e a d y  under d i s cus s ion - - a re  sugges ted :  9 
- The mathematical  t heo ry  of r e s i l i e n c e  should be 
i n v e s t i g a t e d :  gene ra l  neces sa ry  o f  s u f f i c i e n t  c r i t e r i a  
f o r  r e s i l i e n c e  of t h e  s t a t e  space  would be ex t remely  
i n t e r e s t i n g .  Some s t a r t i n g  p o i n t s  f o r  t h i s  a r e  con- 
t a i n e d  i n  Sec t ion  6. 
- In  r e l a t i o n  t o  t h e  " k i t  concep tw- -cons t ruc t ing  a  system 
having a  predetermined s t r u c t u r e  of a t t r a c t o r s  and 
basins--two t a s k s  a r e  impor tan t :  s t a r t i n g  a  l i s t  of 
a t t r a c t o r s  r e l e v a n t  f o r  a p p l i c a t i o n s ,  and s tudy ing  
c o n s i s t e n c y  q u e s t i o n s  a long  t h e  l i n e s  of [151. 
- Studying t h e  change of t h e  phase p o r t r a i t  a s  we c r o s s  a  
parameter  s e p a r a t r i x :  t h e  problem of b i f u r c a t i o n .  Th i s  
has  been sugges ted  a s  a  mechanism f o r  g e n e r a t i n g  tu rbu -  
l e n t  and e r r a t i c  behavior  of systems [ 171 . For t h e  
r e s i l i e n c e  concept ,  its s tudy  g i v e s  u s  a n  unders tanding  
of  "what goes  wrong. 'I 
- Numerical methods f o r  t h e  c a l c u l a t i o n  o f  boundary b a s i n s  
should be developed and t r i e d  i n  s imple  models; a  l i s t  
of c a n d i d a t e s  i s  given  a t  t h e  end of S e c t i o n  5. 
- The connec t ions  between t h e  cho ice  of  r e s i l i e n t  measure 
( d i s t a n c e ,  volume i n  s t a t e  space ,  e t c . )  and ou r  know- 
l edge  o r  ou r  i m p l i c i t  assumptions about  t h e  s t r u c t u r e  
of p e r t u r b a t i o n s  of  t h e  system should be d e s c r i b e d  i n  
d e t a i l .  
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APPENDIX 
A s h o r t  i n t r o d u c t i o n  t o  t h e  math'ematical foundat ions  of  
t h e  theory  can  be found i n  P. Walters.1° Only a  b r i e f  l ist  of 
informal  d e f i n i t i o n s  w i l l  t h e r e f o r e  be g iven  he re .  W e  s h a l l  
d e a l  w i th  t h e  d i s c r e t e  c a s e  ( an  = f n ;  D) and t h e  con t inuous  
c a s e  (C) s imul taneous ly .  
A f i r e d  ~ o i n t  of  $ is an  xo € M wi th  bt (x0 )  = x0 f o r  a l l  t. 
A p e r i o d i c  p o i n t  lax  closed o r b i t  (C) is an xo € M wi th  
bt(xO) = xO f o r  some t. 
The non-wandering s e t  R is de f ined  a s  t h e  set  of  x € M 
which do n o t  wander in t h e  fo l l owing  sense :  x wanders i f  
t h e r e  is a neighborhood U(x) wi th  QtU(x) n U(x) = 0 f o r  
a l l  t l a r g e  enough. Non-wandering is t h e  weakest r e c u r r e n t -  
l i k e  proper ty ;  o f  c o u r s e ,  a l l  p e r i o d i c  po in t s / c lo sed  o r b i t s ,  
bu t  i n  g e n e r a l  a l s o  more compl ica ted  t h i n g s ,  l i e  i n  R. 
A f i x e d  p o i n t  xo is hyperbol ic  i f  t h e  Jacobian  of  f  (Dl/ 
aF. 
1 t h e  matrix -ax, ( C ) / a t  x o  has no e igenva lues  on t h e  u n i t  
c i r c l e  (D)/on t h e  imaginary a x i s  ( C ) .  I n  t h i s  c a s e ,  t h e  
s t a b l e  and u n s t a b l e  mani fo lds  wS(x0) and wU(xO) can  be de f ined  
a s  p o i n t s  tending  e x p o n e n t i a l l y  t o  xo a s  x + +m, x + - a ,  
r e s p e c t i v e l y .  They a r e  smooth sub-manifolds of M, i n v a r i a n t  
under bt. A hype rbo l i c  f i x e d  p o i n t  cannot  d i s a p p e a r  under  
a  small p e r t u r b a t i o n  of  $. 
O P .  Walters ,  "An O u t l i n e  of S t r u c t u r a l  Stability Theory, " 
i n  H.-R. G r k ,  ed . ,  Analys is  and Computation of E q u i l i b r i a  
and Regions of S t a b i l i t y ,  CP-75-8, I n t e r n a t i o n a l  I n s t i t u t e  f o r  
Applied Systems Analys is ,  Laxenburg, A u s t r i a ,  1975.  
A c o n t i n u o u s  h y p e r b o l i c  s p l i t t i n g  over a  c losed subse t  
N C M i s  given by de f in ing  i n  a  continuous way a  s p l i t t i n g  
of t h e  tangent  space Tx ( M )  = E: 8 E: ( f o r  these  concepts 
see  ~ a l t e r s '  O )  i n t o  d i r e c t i o n s  where @ i s  exponent ia l ly  
c o n t r a c t i n g  o r  expanding, r e s p e c t i v e l y  (D). I n  t h e  con- 
t inuous  case ,  Tx(M) = E ~ ( M )  = E: $ E: $ Fx, where F  i s  a  
one-dimensional subspace along the  d i r e c t i o n  of t h e  vector  
f i e l d  a t  x. 
@ s a t i s f i e s  Axiom A i f  
1 )  The pe r iod ic  p o i n t s  (D)/closed o r b i t s  (C)  a r e  
dense i n  Q ;  
2 )  There e x i s t s  a  continuous hyperbol ic  s p l i t t i n g  
over Q. (Axiom A t hus  d e a l s  only  with t h e  
behavior of @ on the  non-wandering set.) 
I n  t h i s  case ,  Q can be p a r t i t i o n e d  i n t o  b a s i c  s e t s  hi;  
they a r e  t h e  proper g e n e r a l i z a t i o n s  of f ixed  po in t s .  Every 
Ai has i t s  s t a b l e  and u n s t a b l e  manifold w s ( A i )  and w u ( A i )  
with p r o p e r t i e s  analogous t o  those  of f ixed  p o i n t s .  
An a t t r a c t o r  i s  a  c losed  minimal i n v a r i a n t  subse t  A C N 
with  an open neighborhood U c o n t r a c t i n g  t o  A i n  t h e  f u t u r e  
( A  = n . This is t h e  proper g e n e r a l i z a t i o n  of a  s t a b l e  
t > O  
f i x e d  point .  The b a s i n  B of an a t t r a c t o r  A is t h e  set of 
x  M tending t o  A a s  t + m; it i s  open. I n  t h e  case  of 
Axiom A, a  b a s i c  set hi is an a t t r a c t o r  i f .  ws ( A i )  i s  open; 
then wS(bi) is t h e  bas in  of hi .  
An a t t r a c t o r  is  c a l l e d  s t r a n g e  i f  it is no t  a  smooth sub- 
manifold of M ,  e.g.,  t h e  Lorenz a t t r a c t o r .  Warning: most 
a t t r a c t o r s  a r e  s t range!  
A s e p a r a t r i x  ( i n  t h e  terminology of [4]) is  a s t a b l e  
manifold of co-dimension one. I n  t h e  c a s e  of Axiom A ,  
t h e  basin boundaries  a r e  t o  be found among t h e  s e p a r a t r i c e s .  
For an Axiom A a t t r a c t o r  A ,  t h e r e  e x i s t s  an i n v a r i a n t  
measure u on A f o r  which t h e  fo l lowing is t r u e :  
f o r  a lmost  a l l  x  i n  t h e  b a s i n  of A and a l l  cont inuous  
f u n c t i o n s  f  on M (Bowen-Ruelle theorem) . So u a l lows  u s  
t o  c a l c u l a t e  t i m e  averages .  
The ~ ~ - t e ~ o t o ~ ~  on t h e  space  of a l l  dynamical systems on 
M" is def ined  in t h e  fo l lowing way: two systems 4 and 9 '  
r 
a r e  C - c lose  i f ,  t o g e t h e r  w i th  t h e i r  d e r i v a t i v e s  up t o  o r d e r  
r ,  t hey  are uniformly c l o s e  a s  maps 4; and @ t  from M t o  M 
f o r  a  f i x e d  t. 
A system 4 i s  c r - s t r u c t u r a t t y - s t a b l e  i f  f o r  a l l  4 '  , cr- 
c l o s e  enough t o  4 ,  t h e r e  e x i s t s  a  homeomorphism12 h of M 
t ransforming o r b i t s  of 4 i n t o  o r b i t s  of 4 ' .  Thus, up t o  
a  t o p o l o g i c a l  deformat ion ,  4 '  l ooks  e x a c t l y  l i k e  4. 
Here, M has  t o  be compact, o r  awkward t e c h n i c a l  problems 
w i l l  occur.  
I 2 ~ h e r e  are good r easons  f o r  i n s i s t i n g  on ly  on b i c o n t i n u i t y  
of  h, i n s t e a d  of on d i f f e r e n t i a b i l i t y .  
A sys tem 4 is ~ ~ - Q - s t a b l e  i f  t h e  above h o l d s  a t  l e a s t  on 
t h e  non-wandering sets R of  4 and Q o f  4 '  ( s o  t h a t  h  
t r a n s f o r m s  R i n t o  Q ' ) .  Here, w e  a r e  i n t e r e s t e d  o n l y  i n  
n o n - t r a n s i e n t  behavior :  on R .  I f  4 is Q - s t a b l e ,  it must 
s a t i s f y  Axiom A. 
A sys tem 4 is t o p o l o g i c a l l y  s t a b l e  i f  a l l  c r - c l o s e  4 '  
have non-wandering sets homeomorphic t o  t h e  o n e  of 4 .  The 
Lorenz a t t r a c t o r  is n o t  even  t o p o l o g i c a l l y  s t a b l e .  
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